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Abstract. Within the scission point model the bimodality in fission of actinides is demonstrated to be
related to different neighboring charge and mass splittings. This phenomenon is peculiar not only for the
fission of heavy nuclei like 256,258Fm and 256,258,262No but also for fission of lighter actinides like 236U,
240Pu and 252Cf. The experiments are suggested to prove our interpretation of bimodality.

PACS. 24.75.+i General properties of fission – 21.60.Gx Cluster models

1 Introduction

The experiments [1–3] have revealed the interesting
spontaneous-fission properties of fermium 258,259Fm and
transfermium 259,260Md, 258,262No nuclides in which the
total-kinetic-energy (TKE) distributions of the fragments
appeared to be composed of two Gaussians with the max-
ima near 200 and 230 MeV. As was determined, the high-
est energy TKE is associated with sharply symmetrical
mass distribution, while the lower-energy fragments pro-
duce broadly symmetrical and in some cases asymmetrical
mass distribution. Since it appears that each distribution
arises from a separate mode of fission, this phenomenon is
called bimodal fission.
The possible explanation of the bimodal fission comes

from the analysis of the potential energy surface of the
fissioning system as a function of deformation parame-
ters [4–8]. The microscopic calculations on the basis of the
constrained Hartree-Fock-Bogoliubov theory and Gogny’s
force [7,8] show a few well-defined paths corresponding to
different fission modes. In spontaneous fission after pene-
tration through the first fission barrier the fissioning sys-
tem can move along two trajectories in the deformation
space. One leads to the compact configuration and high-
TKE mode, the other to the highly deformed or elongated
configuration and low-TKE mode. However, the probabil-
ities to catch each trajectory as well as the transitions
between the trajectories were treated rather qualitatively.
As a rule, the charge asymmetry of scission configurations
was not an independent collective coordinate but rigidly
related to the mass asymmetry. In this case one cannot dis-
tinguish different charge splittings at given mass division.
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In the experiments the number of fission modes is de-
fined from the analysis of TKE mass distributions, i.e.

from the analysis of possibilities of realization of various
scission configurations. As follows from the microscopic
treatment of fission dynamics in ref. [9], the fission char-
acteristics considered below are well determined by the
scission configurations. In present paper we describe the
bimodal fission with the scission point model [10,11]. This
model shows that the shell effects in the forming fragments
play an important role in determining fission observables.
The validity of the scission point model was demonstrated
in ref. [11] in the good description of the TKE and rela-
tive yields of fission fragments and in the evident expla-
nation of the recently observed fine structure of the TKE
mass distribution of fission fragments [12]. It is necessary
to stress that in comparison to ref. [10] our model allows
us to define strictly the internuclear distance R and exci-
tation energy E∗ in the scission configuration. With this
model, where the charge asymmetry is easily introduced
as independent variable, one can check the idea that two
different fission modes are produced by the fragmenta-
tions with different charge (mass) asymmetry. If one of
the fragments is 132Sn, on the potential energy surface as
a function of deformations of the fragments one can expect
a deep minimum corresponding to compact configuration
with short distance between charge-centers of fragments
and high TKE of the fragments after scission due to the
strong Coulomb repulsion. If we slightly change the charge
asymmetry, the minimum on the potential energy surface
can be sharply shifted to larger values of deformations of
the fragments. This leads to the more elongated scission
configuration and low TKE.
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2 Model

The fissioning nucleus with mass A and charge Z can be
described at the scission point as dinuclear systems (DNS)
with the two fission fragments in contact. Typical char-
acteristics of the DNS are the excitation energy E∗, the
charge (ZL, ZH = Z −ZL) and mass (AL, AH = A−AL)
numbers, and the deformation parameters (βL, βH) of
light (L) and heavy (H) nuclei, respectively, determine
the mass, charge and kinetic-energy distributions of the
fission fragments. We treat the fragment pairs as nearly
touching, coaxial prolate ellipsoids [10]. The deformation
parameters βi are defined as the ratios of the major (ci)
and minor (ai) semiaxes of the ellipsoids, i = L or H. The
volume conservation is taken into consideration. The used
shape parameterization is appropriate for studying shapes
with well-developed necks that correspond to the scission
configurations.
As follows from the experimental study [13], at moder-

ately high TKE the nuclear charge-division at a constant
mass ratio AL/AH is determined not only by the asymp-
totic Q-values, but by the potential energy at the scission
point [10,11]. So, the crucial point of our treatment is the
calculation of the potential energy U which is the sum
of the liquid-drop (U i

LD
) and microscopic shell correction

(δU i
sh
) energies for each DNS nucleus, and of the Coulomb

(VC) and nuclear (VN) potential terms describing the in-
teraction between the DNS nuclei:

U({Ai, Zi, βi}, R,E∗) =

UL
LD(AL, ZL, βL) + UH

LD(AH , ZH , βH)

+δUL
sh(AL, ZL, βL, E

∗) + δUH
sh(AH , ZH , βH , E∗)

+VC({Ai, Zi, βi}, R) + VN({Ai, Zi, βi}, R). (1)

The Coulomb potential VC is calculated with the method
given in ref. [14]. The calculation of VN is performed in
the double-folding procedure with Skyrme-type density-
dependent nucleon-nucleon forces [15] using the param-
eter of nuclear radius r0 = 1.15 fm and the diffuseness
parameter a = 0.55 fm. The liquid-drop parts are calcu-
lated like in ref. [11] with the parameters listed in ref. [16].
The two-center shell model [17] is used to calculate the mi-
croscopic shell corrections δU i

sh
. The details of potential

energy calculations are presented in ref. [11].
The decaying DNS starting at the touching distance

Rm ≈ cL + cH +0.5 fm has to overcome a small potential
barrier∆V = U(Rb)−U(Rm) at Rb ≈ cL+cH+1.5 fm [15,
18] which results from the sum of the attractive nuclear
and repulsive Coulomb potentials. This barrier keeps the
DNS nuclei in contact and allows the DNS nuclei to take
statistical distributions in the space (βL, βH). At 1.5 fm
between the nuclear surfaces only the variation of the
deformations of nuclei is important and taken into ac-
count. The additional shape variation at smaller distances
can decrease the potential energy but remains this bar-
rier. The barrier resulting from our calculations is consis-
tent with the existence of third minima found experimen-
tally [19] in some heavy nuclei and with the shell model
and macroscopic-microscopic calculations [20]. It was ear-
lier mentioned in ref. [21] that the qualitative reason for

such a third well is the complete formation of the frag-
ments at the scission point. Our calculations of the poten-
tial energy of scission point configurations seem to be more
appropriate than the liquid-drop calculations where the
nuclear part of the interaction is simulated by a relatively
large neck for which various phenomenological criteria of
sudden rupture are assumed. In these liquid-drop calcula-
tions the statistical equilibrium in deformations is reached
due to quite a large time of descent from the saddle point
to scission because of the large viscosity.
The values of ∆V in the considered DNS are less than

2 MeV for 236U and 240Pu, and less than 0.5 MeV for
Fm and No. It is interesting to compare our results with
the potential energy calculations within the self-consistent
microscopic model in refs. [7,8]. If we take spherical fission
fragments of 258Fm and calculate the quadrupole moment
Q2 of the DNS at R = Rm and Rb, we obtain Q2 = 95
and 110 m0 b, respectively, using the definition of Q2 in
ref. [7] (m0 is the nucleon mass). For 95 ≤ Q2 ≤ 110,
in fig. 6 of ref. [7] the dependence of the potential on Q2

is rather weak. In our case the potential is also flat in
this region of Q2 because of the competition between the
repulsive Coulomb and attractive nuclear interactions. We
get the shallow potential minimum of the depth of about
0.5 MeV while there is no pocket in fig. 6 of ref. [7]. This
disagreement is probably related to the stronger nuclear
attraction between the fragments in our case.
The value of ∆V depends on the deformations of the

fragments. With the used shape parameterization of the
DNS nuclei the value of ∆V decreases with increasing βL

and βH . For the nearly symmetric mass splittings con-
sidered, we do not treat βL and βH larger than 1.95 be-
cause these configurations are without a potential barrier
(∆V = 0) which prevents the immediate decay of the
DNS. The quadrupole moment of an ellipsoid with β =
1.95 is equal to the quadrupole moment of a nucleus with a
quadrupole deformation parameter of about 0.6 if one uses
the expansion of the nuclear surface in spherical functions.
At fixed mass and charge splittings {Ai, Zi} the total

kinetic energy of the fission fragments is defined as

TKE({Ai, Zi, βi}) = VC({Ai, Zi, βi}, Rb)

+VN({Ai, Zi, βi}, Rb). (2)

The excitation energy of the scission configuration is re-
lated to the Q-value as follows:

E∗({Ai, Zi, βi}, Rb) = Q− TKE({Ai, Zi, βi})

+S − Edef({Ai, Zi, βi}, E
∗), (3)

where Edef is the deformation energy coming from the de-
viation of βi from the values corresponding to the ground
states of the DNS nuclei and S = Sn ≈ 8 MeV the ex-
citation energy coming from the thermal neutron in the
neutron-induced fission. In spontaneous fission S = 0.
In order to calculate the relative primary (before evap-

oration of neutrons) yields Y of fission fragments, we use
the following expression of the statistical treatment [10]:

Y ({Ai, Zi, βi}) = Y0 exp(−U({Ai, Zi, βi}, Rm, E∗)/T ),
(4)
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Fig. 1. Potential energies of scission configurations (R =
Rb(βL, βH)) as functions of βL and βH for the spontaneous
fission of 258Fm leading to 126Sn + 132Sn (upper part) and
124Cd + 134Te (lower part). The potential energy in MeV is
calculated with respect to the ground-state energy of 258Fm.

where Y0 is the normalization factor. In eq. (4), T =
(E∗/a)1/2 (a = A/12 MeV−1) is the temperature at the
scission configuration which has the minimal potential en-
ergy among the configurations considered [11]. The sec-
ondary (after evaporation of neutrons) yields of fission
fragments can be calculated using the excitation energy
E∗

L (E
∗

H) of the fission fragments. E
∗

L (E
∗

H) consists of the
excitation energy of the fragment at scission and the defor-
mation energy which is transferred into the internal exci-
tation after scission. The excitation energy E∗ of the scis-
sion configuration is assumed to be distributed between
the fragments proportional to their masses.

3 Results of calculations

For each mass and charge splittings, we analyze the po-
tential energy surface of the DNS as a function of the de-
formations of two fragments. Due to the shell effects, the
potential energy surface can have one or several minima
at some βL and βH . Based on the statistical approach one
concludes that the DNS decays with larger probabilities
from the configurations with these βL and βH [11]. If the
neutron and/or charge numbers of the fragment are close
to the magic numbers, the potential energy surface has

Fig. 2. The same as in fig. 1, but for neutron-induced fission
of 235U leading to 104Mo + 132Sn (upper part) and 104Zr +
132Te (lower part). The potential energy in MeV is calculated
with respect to the ground-state energy of 236U.

quite a deep minimum corresponding to a small deforma-
tion of this fragment due to the strong shell effects. In this
case the scission configuration is compact which leads to
high TKE of the fission fragments. If two fragments are
not the magic nuclei, the deepest minima correspond to
large values of βL and βH and we deal with the elongated
scission configuration and, thus, with low TKE values.
This is illustrated in figs. 1, 2 and table 1, for exam-

ple, for the fragmentations 258Fm (sf) → 126Sn + 132Sn
(ZL = ZH = 50) and

124Cd + 134Te (ZL = 48, ZH = 52),
and 235U(nth,f) →

104Mo + 132Sn (ZL = 42, ZH = 50)
and 104Zr + 132Te (ZL = 40, ZH = 52). In the scission
configurations the deformations of double magic 132Sn
and magic 134Te do not exceed 1.15 and 1.2, respectively.
In the DNS the non-magic nuclei 104Zr, 104Mo, 124Cd and
132Te can be strongly deformed (βi = 1.7–1.9) because
of the weaker shell effects. While in the case of 126Sn +
132Sn the potential minimum corresponds to the compact
configuration with βL = 1.4 and βH = 1.15, in the case of
124Cd + 134Te it corresponds to the elongated configura-
tion with βL = 1.9 and βH = 1.2. The potential energies
in these minima are almost the same, which means the
comparable yields of fragments with high (230 MeV) and
low (209 MeV) TKE (table 1). The configuration 126Cd +
132Te, which contributes also to the low-TKE mode with
TKE = 207 MeV (Y = 0.14) and 194 MeV (Y = 0.01), is
presented in table 1 as well. The experimental high- and
low-TKE modes are characterized by TKE = 230 MeV,
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Table 1. Calculated characteristics of some scission configurations in the indicated fissioning nuclei.

Fissioning Scission βL βH TKE Y E∗

L E∗

H

nucleus configuration (MeV) (MeV) (MeV)
262No (sf) 130Te + 132Sn 1.7 1.15 225 0.78 24.6 15.6

128Sn + 134Te 1.3 1.2 238 0.004 17.7 10.2
128Cd + 134Xe 1.9 1.35 213 0.014 29.6 13

1.9 1.7 200 0.082 30.7 24.8
126Cd + 136Xe 1.9 1.25 216 0.12 30 13

258No (sf) 128Sn + 130Te 1.3 1.7 222 0.08 13.5 23
126Cd + 132Xe 1.85 1.7 202 0.075 29 22
124Cd + 134Xe 1.9 1.35 212 0.075 29.3 15

1.9 1.7 200 0.41 31.3 25
122Cd + 136Xe 1.9 1.25 215 0.36 30.5 13

256No (sf) 126Sn + 130Te 1.4 1.7 217 0.023 19.2 25
124Cd + 132Xe 1.9 1.7 200 0.034 30.8 23
122Cd + 134Xe 1.9 1.35 212 0.09 29.9 14.6

1.9 1.7 200 0.80 31.7 24.8
120Cd + 136Xe 1.9 1.25 215 0.053 28.2 15

258Fm (sf) 126Sn + 132Sn 1.4 1.15 230 0.4 13.7 9.3
124Cd + 134Te 1.9 1.2 209 0.45 30.3 10.2
126Cd + 132Te 1.9 1.25 207 0.14 30.4 10.5

1.9 1.7 194 0.01 27.9 26
256Fm (sf) 124Sn + 132Sn 1.45 1.15 225 0.18 14.8 10.5

124Cd + 132Te 1.9 1.25 207 0.53 29.8 10.6

1.9 1.7 194 0.04 27.4 26
126Cd + 130Te 1.85 1.7 194 0.26 27.7 23.4

252Cf (sf) 120Cd + 132Sn 1.9 1.15 202 0.59 22.6 12
118Pd + 134Te 1.85 1.2 198 0.28 20.3 11.6
120Pd + 132Te 1.9 1.25 199 0.12 21 12

1.85 1.7 187 0.01 16.2 28.8
239Pu(nth,f)

108Ru + 132Sn 1.85 1.15 189 0.73 13.8 15.6
106Mo + 134Te 1.85 1.2 187 0.16 14.5 15.2
108Mo + 132Te 1.7 1.25 189 0.1 11.3 14.2

1.7 1.7 176 0.01 10.2 28.3
235U(nth,f)

104Mo + 132Sn 1.8 1.15 184 0.75 11.6 12.3
102Zr + 134Te 1.75 1.2 181 0.22 9.6 14
104Zr + 132Te 1.7 1.25 181 0.029 8.2 12.8

1.7 1.7 168 0.001 8 26

Y = 0.5 and TKE = 205 MeV, Y = 0.5, respectively [1].
So, in contrast to the lighter actinides, a dramatic shift
towards symmetric mass distributions accompanied with
a high kinetic-energy release is observed for spontaneous
fission of 258Fm [1,2]. In the fission of 236U, the relatively
compact (TKE = 184 MeV) configuration 104Mo +
132Sn has smaller potential energy in the minimum at
βL = 1.8 and βH = 1.15 than the potential energies
of the system 104Zr + 132Te in the relatively compact
(TKE = 181 MeV) and elongated (TKE = 168 MeV)
minima at βL = 1.7, βH = 1.25 and βL = βH = 1.7,

respectively. The calculated ratios of the yields of 104Mo
and 104Zr listed in table 1 are in agreement with the
experimental one within the error bars. The experiment
gives Y (104Mo)/Y (104Zr) = (59.4 ± 3.1)/(5.9 ± 1.7)
at TKE = 184 MeV and (72.3 ± 3.6)/(3.5 ± 1.4) at
TKE = 176 MeV [22].

Thus, the small variations of ZL (ZH) and AL (AH)
lead to quite a large change of the TKE of fission frag-
ments. We suggest that different splittings are separately
responsible for the high and low regions of the TKE distri-
bution of fission fragments. So, the bimodality of fission of
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Fig. 3. The calculated (dashed curves) kinetic-energy distribu-
tion (upper part) and mass distribution (lower part) of fission
fragments of 258Fm are compared with the experimental data
(histogram) [1].

heavy actinides can be related to different neighboring val-
ues ZL (ZH). The corresponding mass numbers AL (AH)
are close or equal to each other. The examples of this in
the fission of 256Fm and 256,258,262No are given in table 1.
For instance, in the fission of 262No (256Fm) the high-
and low-TKE modes correspond to the configurations
262No→ 130,134Te + 132,128Sn (256Fm→ 124Sn + 132Sn)
and 262No→ 128,126Cd + 134,136Xe (256Fm→ 124,126Cd+
132,130Te), respectively.

In table 1 one can see the dramatic difference between
262No (258Fm) and 256,258No (256Fm). Among the consid-
ered nuclei having almost symmetric mass distribution of
the fission fragments, the calculated relative yield of 132Sn
as a primary fission fragment is large only for 258Fm and
262No (table 1). For 256Fm and 256,258No, the maxima of
the fission yields are shifted towards 130,132Te and 134Xe,
respectively, which mainly contribute to the low-TKE
mode. The global trend is that the weight of the scission
configuration with 132Sn producing the high-TKE fission
mode grows with increasing N/Z ratio in isotopes of Fm
and No. In the fission of 262No, the experimental [3] weight
of the high-TKE (≈ 220–235 MeV) mode is comparable
and even larger than the weight of the low-TKE mode (≈
200 MeV) [3]. In addition, it seems that different modes of

Fig. 4. The same as in fig. 3, but for the fission fragments of
258No.

fission compete with each other. In contrast to 262No and
258Fm, for nuclei 256,258No and 256Fm both the mass and
kinetic-energy distributions are more consistent with sys-
tematics observed for lighter actinides. For 258No, the ex-
periment [1] gives TKE = 232 MeV, Y = 0.05 and TKE =
204 MeV, Y = 0.95 for high- and low-TKE modes, respec-
tively. In the case of 256Fm the calculated TKE = 194–
207 MeV are in agreement with the experimental data [2].

In comparison to ref. [11], we consider here the fission
splittings near 132Sn which do not correspond to the scis-
sion configurations contributing to the maximum of the
mass distributions of the fission fragments of 236U, 240Pu
and 252Cf. As a result, the relative yields listed in table 1
are not the same as in ref. [11] some insignificant misprints
of which are corrected in the present paper. Contrary to
Fm and No, in 236U, 240Pu and 252Cf the complementary
fragments to 132Sn or 134Te are far from the magic nucleus
and can be considerably deformed. Therefore, the TKE in
the high-TKE mode differs not much from the TKE in the
low-TKE mode which has relatively large yield (table 1).
The calculated ratio of the yields of 108Ru and 108Mo in
the fission of 240Pu is in agreement with the experimen-
tal ratios: Y (108Ru)/Y (108Mo) = (52.2±5.1)/(16.8±1.8)
at TKE = 192 MeV and (63.9±4.5)/(9.1±0.7) at TKE =
185 MeV [23].
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In the scission configurations of 236U, 240Pu and 252Cf
with 132Te as heavy fragment there are two pronounced
potential minima at (βL = 1.7, βH = 1.25) and (βL = 1.7,
βH = 1.7) leading to the high- and low-TKE modes, re-
spectively. These are examples of two modes of deforma-
tion at the same charge and mass asymmetries. The decays
from the minima with βH = 1.25 lead to almost the same
TKE like in the scission of the relatively compact config-
urations with 132Sn or 134Te. The yields of low-TKE com-
ponents from the minima with βH = 1.7 are very small,
which can create some difficulties in their identifications.
Analogously there are two modes of deformation (at the
same charge and mass asymmetries) in the following frag-
mentations of heavy actinides (table 1): 262,258,256No →
128,124,122Cd + 134Xe and 258,256Fm→ 126,124Cd + 132Te.
In the contrast to lighter actinides, these modes are re-
garded only to the low-TKE regime.
Considering nearly symmetric scission configurations

and using eq. (4), the mass distributions of fission frag-
ments of 258Fm and 258No are calculated and compared
with the experiment in figs. 3 and 4. Taking into account
the experimental uncertainty in the determination of the
mass of the fission fragment, one conclude about the sat-
isfactory agreement between the calculated and experi-
mental results. Approximating the kinetic-energy distri-
bution by the Gaussian [11] for each scission configura-
tion of 258Fm and 258No listed in table 1, we calculate the
kinetic-energy distributions of the fission fragments (figs. 3
and 4) which are in good agreement with the experiment.

4 Summary

In conclusion, the bimodality or multimodality of fis-
sion can be related to the variations of the charge and
mass splittings in the small interval of charge and mass
numbers. In order to obtain high- and low-TKE regimes
in the fissioning nucleus, one should not always require
two fission paths, short and long, at the fixed charge
and mass asymmetries. The suggested explanation of bi-
modal fission is rather simple and allows us to describe
well the available experimental data. This explanation can
be experimentally checked by measuring the masses and
charges of the fission products along with their kinetic en-
ergies. The identification of ZL (ZH) and mass numbers af-
ter the de-excitation of the fragments with γ-spectroscopy
is very promising. The neutron evaporation from the frag-
ments can be estimated with the average values of ex-
citation energies of the fragments listed in table 1. The
suggested observation of bimodality requires the precise
determination of the masses of primary fragments. Addi-
tionally, one can expect different angular momenta of the
fission fragments for different modes to be measured.
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